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> Measuring the distance between sequences plays a /NN \\ \\ b L/ / \ B

fundamental role In sequence an aIyS 1S pro blems. -~‘5?‘ he .;l.r'!' ) L) L I e

» can be much more difficult than for vectors. IO ETOTS f ;- ’ 1
» Various evolution speed & sampling rate:

* Different sequences may have different numbers of instances. gt eI g ae Dl ) )L )@
» Evolutions are not uniform:

. Temporal alignments are necessary. \/ / i QAT // o T T s
» Instances in the same sequence are not independent: DT ey VAVNANaN v X(\ \

+ Instances are temporally related. Order-preserving is required. Il o g ) - é
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» Local disorders may exist:
 Strict order preservation may not be imposed to the alignment.

» Arbitrary starting point for periodic patterns

» Objective
» Adding the regularization terms to the OT objective

min (T, D) — A\ I(T)+ A K L( )
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* Order-Preserving Wasserstein Distance st. Tly =a, T 1y =3

» Cast alignment as the optimal transport problem

* Glven two sequences X = [z;.---.zy] and Y = [y1.--- . ym],
apply the optimal transport (OT) by viewing instances as

independent samples: (,(X,Y) = (T. D)
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» Optimization

» By setting the Lagrangian function
obtain AL

min
TcU(a

U, B) :={T e RY*M

* According to the Sinkhorn's theorem, the optimal
transport T with this form Is a rescaled version of K:

 Efficiently solved by the Sinkhorn-Knopp iterative
matrix scaling algorithm:

* Problem: the ordering relationship is totally ignored.

» Temporal order preserving regularizations
* Preserve the inherent temporal relationships of the instances
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» Desired: elements in one sequence are transported into those K1 — o/ KKo kKo < 3./(K)" K1
INn the other sequence with similar relative temporal positions _ | |
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* The transport T should show local homogeneous structures: Experimental Results
. . . . . Method DTW | IDTW| nDTW| Sinkhornj OPW
large values appear Iin the area near the diagonal, while the » Comparison with other [ soworaa w55
. - . 2 3. 3. . 2.
values in other areas are zero or very small. inverse sequence distances MAP | 4002|4050 | 3521 | 2876 | 4740
difference moment (IDM) regularization Disiance | DTW [ IDTW[ sDTW] Siakhors| OPW [T ST e —
Accuracy | 71.06 | 73.63 | 70.70 | 66.67 74.36 : :
W MAP 5077 | 58.05 | 56.55 51 43 5010 Distance | DTW | IDTW| nDTW| Sinkhorn| OPW
L 27 Rosults with the NM clas MAP 28.27[27.09 [ 23.87 | 19.41 [ 32.12
f_?j (0.30)| (0.40)| (0.34) | (0.32) (1.14)
t t Distance | DTW | IDTW| nDTW| Sinkhorn| OPW 1-NN 62.44 | 66.08 | 60.31 57.54 72.25
j - ] MAP 58.95| 56.67 | 56.52 54.58 58.70 (3.03)| (2.31)| (1.97) | (3.34) (3.00)
=1 3=1 \ |y H) + 1 [-'NN | 81.32] 82.78 | 79.85 | 78.02 | 84.25 3NN 159951 69.78 | 63.02 1 57.97 ) 73.62
l Y 3NN | 81.32] 82.05 | 79.12 | 77.66 | 82.78 (2.40)) (1.84)) (1.89) ) (1.62) | (2.01)
5NN 20951 79.12 | 7692 | 7473 | 8022 5NN | 62.36 | 69.98 | 64.39 | 60.53 | 76.99
» A general ideal distribution of the values in T is that the peaks ISNN_| 8278 | 7582 ] 7619 | 6996 | 7729 SN | 6377|7209 | 6424 | 6129 | 7838
. (b) Results with the NN classifier (1.76)] (4.33)| 2.77)| (2.49) | (2.49
appear on the diagonal, and the values decrease gradually Tuble 1. Resuls on the MSR Sports Action3D dataset. The best RN

along the direction perpendicular to the diagonal. KL

results among all distance measures are shown in red, and the sec-

ond position results are shown in blue. Table 3. Results on similar online Chinese character recognition

Standard deviations are shown in brackets.

d - - - - - - Method | DTW | IDTW| nDTW| Sinkhorn| OPW : .
lvergence with the PrlOr distribution Accuracy | 40.63 | 33.75 | 38.75 | 37.50 | 38.75 re‘h‘)d gw ;]?}Tl\; 2?:{?’ S;‘;kggm 307PF;
~ - ccuracy DD . L .
N MAP Bj'f;mh? 41“ 2}\:7] 52.14 ] 33.3 MAP | 73.23| 76.29 | 67.75 | 65.11 | 82.23
Ii::-L (I ) 06 | (a) Results with the NM classifie
T_’I Distance | DTW | IDTW| nDTW| Sinkhorn| OPW Distance T DTW | IDTW nDTWI Sinkhorn OPW
=1 3=1 MAP 33.79 | 28.81 | 30.56 | 30.66 | 34.02 MAP | 56.58] 56.03 | 48.47 | 4327 | 6271
I-NN 53-7{’: 50.00 1/ 55.63 | 54.37 | 58.13 ['NN | 9636 96.73 | 95.05 | 87.95 | 96.68
1 02 (i,7) :EE ;8% ig-gg ig:g ig(}; 00.62 3NN | 9691|9682 | 9573 | 89.05 | 97.45
- . - ] ; : 5- 9.38 | 50.00 | 523 5062 | 5375 5-NN 07.23| 96.73 | 96.09 | 89.23 | 97.14
Pij P(Ej) — - 20 . I5-NN | 43.13] 38.75 | 40.00 | 4125 | 44.37 I5NN | 97.36| 96.50 | 95.91 | 90.73 | 97.41
ET 21‘:" / (b) Results with the NN classifier (b) Results with the NN classifier

Table 2. Results on the MSR Daily Activity3D dataset.

Table 4. Results on the SAD dataset.



